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Transport-relaxation equations for seventeen moments are derived from the linearized Boltzmann
equation for a monatomic gas. Besides the well-known thirteen moments (i. e. density n, tempera-
ture T, velocity v, heat flux g, friction pressure tensor P), one additional scalar 4 and one ad-
ditional vector 4 are taken into account. In steady state, differential equations for T, v, 4 and
constitutive laws for q, p, A follow from the transport-relaxation equations. Boundary conditions
for T, v, A are obtained by the thermodynamical method from the interfacial entropy production.
The role of the higher moments 4 and A for heat transfer in a gas between parallel plates is dis-
cussed. The heat flux has the correct low pressure limit. Due to the presence of 4 and A, expo-
nential terms occur in the temperature profile near the boundary.

Approximate solutions of the linearized Boltz-
mann equation for a monatomic gas can be obtained
by regarding a certain number of physically relevant
quantities or moments. In the thirteen moments ap-
proximation ! one takes into account the density, the
temperature, the flow velocity, the heat flux and the
friction pressure tensor. More generally, the Boltz-
mann equation is replaced by an arbitrarily large
system of coupled linear differential equations, the
transport-relaxation equations 2. In steady state,
linear partial differential equations ensue for some
moments, like the temperature and the velocity vec-
tor, whereas for other moments constitutive laws are
at hand, e.g. for the heat flux and the {friction
pressure tensor. The boundary conditions required
for the solution of the differential equations can be
derived by a thermodynamical method from the
entropy production at the interface between the gas
and a solid 7% The treatment of special cases like
thermal transpiration and thermal force with thir-
teen moments and suitable surface currents gives
satisfactory results in a large pressure range from
the hydrodynamical to the Knudsen regime °.

In this paper, the role of higher moments which
are usually neglected, will be studied for the heat
transfer in a gas between parallel plates. A seven-
teen moments description is displayed, with one
scalar 4 and one vector A in addition to the thirteen
moments. The moment equations are given in the
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first section, in the second section they are spe-
cialized for the steady state. Differential equations are
obtained for the velocity v, the temperature T and
the scalar A, and constitutive laws for the friction
pressure tensor P, the heat flux q and the vector A.
By elimination of 4 one can get a fourth order
equation for T and an ansatz for q which is different
from the fourth order Chapman-Enskog expression.

Furthermore, boundary conditions are derived
from the interfacial entropy production: Besides the
velocity slip and the temperature jump conditions,
there is also a boundary condition for the scalar 4.

As an application of the general equations, the
heat transfer in a rarefied gas between infinite par-
allel plates is studied. As in the old temperature-
jump approximation, the heat flux has the correct
limit for low pressures (Knudsen regime). In the
bulk of the gas the temperature is linear in the
x-coordinate, but close to the walls contributions
exponential in z occur as a consequence of the
higher moments 4 and A. Due to the second law
requirements for the surface coefficients, the value
of the bulk temperature extrapolated linearly to the
wall is always smaller (larger) than the actual tem-
perature of the hot (cold) plate.

1. Moment Equations

A dilute monatomic gas is described by the one-
particle distribution function f(z,x,¢€). For small
relative deviations @ of
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from the equilibrium distribution
3/2 )
O(e) —p [T _mc ,}
2 n°<2.¢rkBT0> e"p{ 2T,) 0 (1P

the linearized Boltzmann equation applies

QP/At+¢e VD +w(D)=0 (1.3)

where o denotes the linearized collision operator.
In Eq. (1.2), ny, T, are the equilibrium values of
number density and temperature, kyp is Boltzmann’s
constant, m and € are the particle mass and velocity.

In the moment method approach 2 for the solution
of the linearized Boltzmann equation (1.3), the
function @ is expanded into a complete set of ten-
sors in velocity space, so that the expansion coeffi-
cients, the “moments”, depend on time ¢ and posi-
tion X:

o(x,€) =3 Tal . 60) P20 . (€). (14)
=0 r= : :
With the normalization 2
<¢,L((:) (‘p(r) ) > =0 61[’ AL?...#[.#,'...;Q" (15)
the moments are given by
(T) () (r) .
u, <(I)u, u,> - <®/¢|..._u,>0 ’
for @) —1 this gives in detail:
a® = (n—ny) [ng, (1.6)
a0 = (@) (L) +(0,0).
The bracket (...) denotes the nonequilibrium inte-
gral, e. g.
(r) (T) .
/qju, ul _"(l/n)ff@ dsC,

similarly, (...), stands for the equilibrium integral
taken with f© instead of f.

The quantity 115” . 15 a symmetric traceless
tensor of rank [, multlplied with a Sonine-poly-
nomial 112 of degree r in ¢% In terms of the di-
mensionless velocity

W=c (m/2kgT,)1?

3
5 90+ Va0

a 9 T
2, WV (~Via®+yia®)

e _
B a® +¢, V- (- Vial

D+ yia®)
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one has
@il:) sy (1‘7)
_(rl@i+1ntt 3 Val? o s Wl_ﬁ
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For practical use, the summations in the expansion
(1.4) are extended over a small finite number of
tensors. The moments corresponding to the most
simple ones of these tensors are related to physical
quantities, viz. to the “thirteen” moments density n,
temperature 7, flow velocity v, heat flux q, and
friction pressure tensor P. In order to study the
effect of “higher moments” on heat conduction, one
additional scalar 4 and one more vector A are
taken into account, i.e. we use a “seventeen’” mo-
ments description with three scalars, three vectors
and one symmetric traceless second rank tensor *

@O _1 a® = (n— no) /”0 (a)

PO=YEE-W?) o= -VI(T-T)/T, (b)

PO =Y (4 -5 W2+ W) ()

a® =y AT,

v-yzw a® =v/e, (d)

b)) _ V4(>—W)W (e)

a’ = —Viq/Pye,  (1.8)

PO _VEEGE-TW+WHYW (f)
a® =YL A/P,c,

®U_YIWW  a®=p/P, V2. (&)

New in comparison with the “thirteen” moments
description are @ and @®. The abbreviations

Py=nykg T, and
co= (kp To/m) 12

have been used. By insertion of this expansion for
& into the linearized Boltzmann equation (1.3), the
following set of transport-relaxation equations for
the moments ¢®, ..., a® is obtained:

=0 (a)
=0 (b)
+p(22)a® =0 (c)

* The numerical factors with 4 and A, arbitrary to some extent, are chosen in such a way that in Eqs. (2.14), (2.15) no

additional factors occur.
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3 (0) (0) 2 (1) (0)

*'a*t(l +¢yV(a —Via )+00V§V‘a =0 (d)
" , (1.9)

3 a® +¢V(V —V4a®) —¢, V4V -a©® +;10)1 (1r)a” =0 (e)
a 2

A a® +¢,Vyia® + 21@1(2 rya” =0 (f)
o (0) (0) 4 (1) (0)

~a;a\ +¢,(1V2Va? —ytva®) +w,(00) a =0. (g)

The relaxation constants ;(rr’) are matrix ele-
ments of the linearized collision operator w:
1 ™

w(rr)=——=(P

i ((’)
21 w (D

Kool My .

) o (1.10)
the matrix w;(rr’) is symmetric and positive defi-
nite > 12, By introducing center of mass and relative
velocities in the collision integral, one can easily
prove the relations

©4(22) =, (11) =3 ,(00) . (1.11)

Accordingly, the Eqgs. (1.9) contain only three in-
dependent relaxation constants, viz. w; (11), w; (12)
and @, (22), which are expressed by Chapman-
Cowling Q-integrals ! in the following way:

16

031(11)="OE~Q(")’ (1.12)
16 1

7 .
—ny 2 l/_( 0e 2)_Q(~,3)),

( 0e2) _ 7_(2(2,3)_5__(2(2,4))_

w;(12) =w,(21)

16

In particular, for Maxwell molecules the result is 12

w;(12) =0, ,(22) =15w,(11), (1.13a)
and for hard spheres of diameter ¢
4 1
wy(11) = 5“0 w(12) = 1577 ™y ,
w;(22) = ,g wy=1.61w,(11). (1.13b)

where o is an abbreviation for
wo=4nycyVao?.

The conservation equations for the particle density
(1.9a), energy density (1.9b) and momentum
density (1.9d) of course do not contain relaxation
terms. Linearization of the equation of state, p=
nkgT, leads to B
ROM ]/Qam _ PPy
3 P,

If the total pressure tensor, p=p8+ P , is intro-
duced, Egs. (1.9 a, b, d) take the familiar form !:
on

fa—+Vv

3n0k3 EBaT+V (Pyv+q) =0,

=1t
(1.14)

nomé%vﬂ-v-p =0.

2. The Steady State

The stationary transport-relaxation equations (1.9)
lead to second order spatial differential equations
for T, A, v (i.e. a®, a®, a®), and to constitutive
laws for q, A, p (i.e. aV, a®, a®),

The scalar equations (1.9 a, b, ¢) reduce to

v-a?—_6, @y (22) ? a®, r=0,1,2,
CO (
i. e. in detail
V-v=0, (2.1)
V-q=0, (2.2)
V-A- — %’i“— 0y(22) 4. (2.3)
0

Taking the second derivative V V: of Eq. (1.9g),
the first derivative V+ of Eq. (1.9d) and employing
also Egs. (1.9 a,b), we find

V(V-a®) =0, 4(a®-V3a®)=0
or

Ap=0. (2.4)

A differential equation for a® is obtained by ap-
plying the operator V- to Eq. (1.91),

co V34a® — ,(22) 0, (22) Vi, a® =0,
which gives
A—IL24A4=0, (2.5)
with
so 0. (264a)

3 wy(22) w4(22)
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In terms of the “viscosity free path” [, ,
1, =co/®,(00) ,
the length L is given by
L=V%l,=1.871, for Maxwell molecules,

and

L-1811,

(2.6 b)

for hard spheres. (2.6 ¢c)

Similarly, a differential equation for a™ is ob-

tained by taking V- (1.9 e) and using Eq. (2.3):

AT+ (1 +¢e)A] =0. (2.7)

Here, ¢ is an abbreviation for the ratio
_1/ 702 :

8_V4‘01(22)’ (2.8a)
with

e=0 (2.8b)
for Maxwell molecules, and

e=—17/45= -0.156 (2.8¢)

for hard spheres.
With the help of Eqs. (2.5), (2.7) the scalar 4
can be expressed by AT:

A= —L2(14+¢&)~1AT; (2.9 a)

hence Eq. (2.7) leads to a fourth order equation
for T,

AT — L2 A*T =0. (2.9b)

Finally, a differential equation for the velocity ¥ is
obtained from the steady state momentum equation

(1.9d) or (1.14)

Vp+V'p=0, (2.10)

by insertion of the constitutive law (1.9 g) for the
friction pressure tensor

p--29[Vv+iP,'Vq], (2.11)

viz.

Vp=yn[dv+3P, ' 4q] . (2.12)

The shear viscosity 7 is determined by the relax-
ation constant for p:

n=Py/®,(00) >0. (2.13)

With the help of Egs. (2.10) and (1.9¢), (1.91),

the vectors ¢ and A can be expressed by gradients

P=—2y[Vv— :P, 'iVVT+ &T,P, 2/ VVp+ 3P, 1ALV VAT].
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of p, T and 4:
. 2 T,
q=—/.VT+(1+£)VA~5'P Vpl|, (2.14)
0
A=cq-7'VA. (2.15)
If the scalar A4 is replaced by AT via Eq. (2.9 a),

an alternative formulation of Eqs. (2.14), (2.15) is
obtained:
; 2 T,
=—2|VT- =2
9= [V 5 P,
A=eq+2(1+e) 1 L2V AT. (2.15 a)
As a consequence of the constitutive law (2.14) for
q and of Egs. (2.4), (2.7) we note
A4q=0.
Hence, Eq. (2.12) reduces to the well-known
Navier-Stokes equation for an incompressible fluid:
Vp=ndv. (2.16)
The thermal conductivity 4 and the quantity A’
occurring in Eqgs. (2.14), (2.15) are given by

Vp—L2VATw s (2.14 a)

A= %Po %B [0 (11) — o, (12)%w,y(22)]71>0,

(2.17)
5 3D ky 1
AV=—P,——F— . .
8 2o o 22) > (2.18 a)
In the case of Maxwell molecules one has
j=2ptm_1 f =L _1167.(2.18b)

2 %m w,(11)° 2 6
For other models of the intermolecular potential,
this simple expression for 4 is only valid in the thir-
teen moments approximation. With additional vec-
tors (besides ¥ and q), the theoretical value for Z is
more complicated than the one in Eq. (2.18b) ; e. g.
in our seventeen moments approximation (with the
vectors U, q and A) of Eq. (2.17) the correction
factor
[1—w;(12)%/w(11) 0, (22)]7!

occurs, which is equal to 45/44 =1.023 in the case
of hard spheres. The hard sphere value for 2'/4 is
V[1=1.065. (2.18¢)

Now, the constitutive laws for P and q are re-

written so that only derivatives of 7, p and v occur.
First, Eq. (2.14 a) for q is inserted into Eq. (2.11):

(2.19 a)

Then the pressure gradient is eliminated from Eq. (2.14 a) with the help of the Navier-Stokes equation

(2.16) :

These are the results of the moment method.

q= - 7[VT 2T ,P, 'yAv—L*V AT].

(2.19b)
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They can be compared with the Chapman-Enskog approximations for P and q which are obtained suc-
cessively according to the order of the derivatives !': the r-th approximation contains derivatives of T,

P> U up to the order r — 1. In fourth order one gets:

5”:: *2?7[V~U—aP0‘1 ;~V—VT+.5T0P0—2/: V—Vp+lb'3V,—d1v] s
Qe = —A[VT—aTy Py y 40 + 12 VAT +1,2T, Py~ V Ap]

with

in the case of Maxwell molecules 1+ 13,

The first two terms in P and @ are the same in
Egs. (2.19 a, b)_and (2.20 a, b). But there is a dif-

ference in the V'V p terms occurring in the friction
pressure tensor: the numerical factors are 4/25 and
B =4/15, respectively. The terms discussed so far
are present in the thirteen moments treatment and in
the third order Chapman-Enskog approximation.
The seventeen moments ansatz for q, full Eq.
(2.19b), is different from the fourth order Chap-
man-Enskog expression (2.20b) in two respects:
the V AT terms have different sign and magnitude;
furthermore, no V4p term occurs in (2.19b) since
Ap =0 according to Eq. (2.4), whereas Ap+0 in
the Chapman-Enskog approach. The seventeen mo-
ments ansatz for P, full Eq. (2.19a), is rewritten
by means of Eq. (2.16) so that the first three terms
are identical with those in the Chapman-Enskog ex-
pression (2.20 a) :

P=—29[Vo— 3P, 1iVVT+ 4T, P, 2 iV Vp
—212VAv+ 3P, 1ALV AT].  (2.19¢)

However, the following V Av-term has different sign
and magnitude in both approximations. The fourth
order derivative of T occurs only in the seventeen
moments expression.

Hence, the moment method and the Chapman-
Enskog theory give different constitutive laws for
the friction pressure tensor and the heat flux (and
consequently also different differential equations for
p, T, v) if one goes beyond the hydrodynamical
limits

P= —27}%, q=—-AiVT.

For the study of Knudsen effects, where the higher
order derivatives become important, the moment
method seems to be simpler and more physical than
the Chapman-Enskog theory since the inclusion of
only two new quantities, 4 and A, leads to quite a
number of higher order derivatives of T, p and V.
Furthermore, the resulting differential equations are

(2.20 a)
(2.20b)

much simpler in the moment method treatment, in
particular if the coupled equations for T, 4 and ¥
are used. Another argument in favour of the mo-
ment method is the possibility to derive boundary
conditions for the relevant quantities (viz. T, 4, v
in the present approximation) in quite a simple
way from the interfacial entropy production.

3. Boundary Conditions

Starting point for the derivation of boundary con-
ditions for the transport-relaxation equations (1.9)
is the interfacial (kinetic) entropy production S,
which is due to a discontinuity of the normal en-
tropy fluxes 8§ and 8, in the gas and in the solid at
the interface ¢ 3 % 6:

S, —[don-(s—8,) . (3.1)
Here, n denotes the outer unit normal of the gas.
In the following, S, will be transformed into a
quadratic form of deviations from equilibrium.

For the entropy flux in the solid we simply take

ss:qs Ts_ls (32)
and immediately decompose it:
s, =8, 8,0 (3.3)
with
ss(‘o) =q; Tl)_1 ’ (34‘)
Ss(l) = — qs(Ts . TO)/TO2 S (3.5)

The first part is simply proportional to the energy
(heat) flux.

A similar decomposition automatically ensues
from the Boltzmann equation for the entropy flux of
the gas, see Eq. (1.25) of Ref. 8:

s=80 g (3.6)

with

SO - [(p-P,8 v+q]T,"!, (3.7)
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sW~ —PyTy! (3¢ P2),
=Py Ty 13> 3a" , (DY,
e & 1oVl 10 Vi1
co” 0 (3.8)

,u‘...,u1>0a,u,...,ul

Again, the first part is simply proportional to the
energy flux. In particular, with the finite expansion
from Eq. (1.8) the entropy flux of the gas is

80~ — Py Ty e, [@® (a® — VEa®)
+a® (V3a® - V4a®) +a? yia?
+a®- (¥2a® - y{a®)]
=Ty '[v(p—Py) +q(T-Ty+4)T,!
+AAT, ' +p- (v+$P,1q)].

(3.9)

On insertion of the decompositions (3.3), (3.6)
into the integral (3.1), their first parts give zero

Jdon-[(p—Py8)v+q—-q]=0. (3.10)

Indeed, as

nv=0 at o, (3.11)

the integral (3.10) is the total energy entering the
interface per unit time and vanishes for the system
gas/solid which has no surface tension. So, the rate
of interfacial entropy production is given by the
second parts alone

S,— —[don- (s —s,M) . (3.12)
Inserting (3.5) and (3.9) gives
S,—[do Ty t[n-q(T —Ty) Ty~ (3.13)

—"'qs(Ts*To)To_l +n-AA Tofl +i}tun.ktam] .
The abbreviations
k=n'p, v=v+%P, !q,

T-T+A+3iT, Py 'n'pn  (3.14)

have been used. The superscript “tan” in (3.13)
denotes the tangential vector component.

Equation (3.13) has not yet the final shape de-
sirable for the interfacial entropy production. This
should be given by an expression bilinear in “fluxes
and forces”. But the temperature differences 7 — T,
T;—T, are not the desired “forces” because the
choice of T is arbitrary, of course within the re-
strictions of the linearized theory. To achieve the
said bilinearity one has to eliminate one of the nor-
mal heat fluxes by means of the local linearized
energy equation at the interface

n (q-q;) =Ver-Q, (3.15)

where Q is the surface heat flux first introduced in
Reference ®. Using the identity

n'q(f_TO) ‘—n;qs(Ts_TO)
=n(q-q) [3(T+T) Ty
+in (q+q,) (T-T)

we obtain the final form of the interfacial entropy
production,

S,=[doTy t[An- (q+q,) (T—T)T,

TMAAT, ' —T, 1 Q- Vi (T 4+ T,)

+ijtun.ktam] , (316)

which now is bilinear in fluxes and forces.

Linear relations set up between the “fluxes and
forces” of Eq. (3.16) are the boundary conditions 3.
Under the assumption that there is no coupling be-
tween scalars and vectors at the interface o, one gets
a generalized temperature-jump condition and a con-
dition for the normal component of the vector A:

An (q+q,) =1 (T-Ts) +1l44, (3.17)
nA=ly (T-T) +1i 4. (3.18)

Furthermore, the well-known velocity slip condition
and an ansatz for the surface heat flux Q are ob-
tained 3 6 10;

f)tnn _ L“_ Jetan +L(Qvt:\n %(i‘_l_T‘s) ,
_ TO*I Q _ LQ(~ kt:m I LQQ Vtan % (T~+ Ts) i

(3.19)
(3.20)

Due to Onsager relations, the matrices [ and L,
are symmetric ® 7:

| P (3.21)

Pt

Since the second law requires a positive surface

entropy production, the [;; and L;; form positive

matrices, 1. e.
20,
LL‘L‘ Z 0,

1(1,1 lAA —liq Z 0 N

LoLog—Lo=0. 22

For the symmetry and positivity of the coefficient
matrices [;;; and L;, it is crucial to use the force-
flux pairs occurring in the surface entropy produc-
tion. This fact has to be kept in mind if boundary
conditions are derived on a more microscopic basis.
In particular, in Eqs. (3.17), (3.18) the fluxes have
been chosen as 2m- (g +q,), n-A, and in Egs.
(3.19), (3.20) we wanted to have K'"" as a force
and —T, ' Q as a flux. As a consequence of this
choice the tilded quantities T, ¥ from Eq. (3.14)
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occur in the boundary conditions. A different choice
of fluxes and forces would be obtained by a linear
transformation which lets the surface entropy pro-
duction invariant.

The boundary conditions (3.11) and (3.19) for
the velocity, the conditions (3.15) and (3.20) for
the discontinuity of the normal heat flux and for
the interfacial heat flux, the conditions (3.17) for
the temperature-jump and (3.18) for the scalar 4,
all of them are necessary and sufficient for the solu-
tion of the differential equations for v, T and A.

4. Heat Transfer Between Parallel Plates

The influence of the higher moments 4 and A on
the heat transfer in a monatomic gas between infi-
nite parallel plates of distance 2d is now studied 15,
The plates are located at = *d, and have the
temperatures 7 . :

T, (td)=T.. (4.1)

According to the Navier-Stokes equation (2.16) the
g q
pressure is constant in a gas at rest:

v=0, p=const=P,. (4.2)

The two scalars T and 4 depend on x only, hence
also the two vectors ¢ and A depend on z only and
are parallel to e, the unit vector in z-direction. Be-
cause of Eq. (2.2), V-q =0, the heat flux is con-
stant, so that the ansatz (2.11) for the friction pres-
sure tensor gives

p=0. (4.3)

The differential equation (2.5) for the scalar 4 has
the two solutions exp (z/L) and exp(—z/L) which,
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due to the symmetry of the problem, combine to
sinh x/L,
A(z) = T.-T_  sinhz/L

2 sinhd/L ’ (4.4)

where F is a numerical factor, still to be determined.
From Eq. (2.7) one sees that T+ (1+¢)A4 is a
linear function of z. Consequently the solution for
the temperature can be written as

_ L,JLT;+ Z‘i‘ Gz —(1+e)A(x) .

2 2
(4.5)
The numerical factor G is still to be determined.
With the expressions (4.2), (4.4) and (4.5) for p,

A and T, the heat flux and the vector A follow from
the constitutive laws (2.14), (2.15):

T ()

, T, -T_
g=—1 24 eG, (4.6)
T, —-T_ ' d , coshz/L
Y L. L gl
Ay =—d=og e |6+ Tt s
(4.7)

Due to the symmetry of the problem there exists no
surface heat flux Q in this case; the boundary con-
ditions (3.19), (3.20) are void. Again, due to sym-
metry, the two factors F and G are determined by
the boundary conditions (3.17), (3.18) at one
plate, e.g. at 2= +d where n= +e. Using Egs.
(4.3) — (4.5) we write down the temperature T
from Eq. (3.14) in the form:

T.-T

Td) =T, + , (G-1)—cd(d).

The boundary conditions (3.17), (3.18) for x= + d now are:

d d
-G :qu 7;: (G_l) + (lQA_‘Sl(I(I) 77Fs

"t

d
ES (EG+ %E—Fcothd/L) =l‘4q (/l’ (G—l) + (ZAA—SZAQ) =7

L

These are two linear inhomogeneous equations for
F and G. For convenience, the dimensionless coeffi-
cients C;; are introduced instead of the [;; ,

=

/2 15
lik= —Cap= TnokBC()Cik,

. (4.9)

with
1=1,[1-;,(12)%*/w,(11) »,(22)] 1.

(4.8 a)

] (4.8b)

Furthermore, we will use the abbreviation 0 for the
ratio

ol 11/7 og(11)
8= =z s :
1L 2 l/ 3 w,(22) (3102}
which has the numerical values
0 =0.624 for Maxwell molecules , (4.10b)
and
0=0.602 for hard spheres. (4.10¢)
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Now, the solution of Egs. (4.8 a,b) can be expressed
in the form:

_ l, i QAQ:‘? Cq,q
F= dG

CyqCaa—C%y+Cyyd cothd/L’
G=1/[1+(l/d)g],

where ¢ is a function of L/d and herewith of pres-
sure P,

(4.11)

(4.12)

g(L/d) = gg,%%eq%%tf C 2t Y COthfi,,LL

qq CGa4a—Caq+ Cflq 0 coth d/L
In writing down Eqs. (4.11), (4.13), we have used
the symmetry C 4, =C,4. According to Eq. (3.22),
the matrix Cj;, is positive. Hence the quantity g¢
contains the positive terms

.(4.13)

CAA“2€CA(1+£2qu>0»
qu CAA_C‘Zﬂq>O 5 qu>07

so that g, as well as G from Eq. (4.12), are positive:
g>0, G>0. (4.14)
Via [, g and G, the heat flux q from Eq. (4.6) be-

comes pressure dependent; actually, the function G
is always smaller than its high pressure limit 1.
In the special case

CAq =& Cflf.l

our seventeen moments method reduces to the thir-
teen moments scheme. Indeed, the constant F then is

(4.15 a)

zero so that the scalar 4 vanishes everywhere, and
the vector A is proportional to the heat flux:

A=0, A-:q. (4.15b)

In this case the quantity ¢ is independent of the
pressure,
g=1/Cyy>0.
Now, the pressure dependence of the moments 7,
A, q and A is discussed. In the near-hydrodynamic
regime, i.e. for L/d <1, the heat flux decreases
with increasing Knudsen number I/d according to

G=~1-(l/d)g(0), (4.16 a)

(4.15¢)

where

CAA - _2 € CA([ _*'782 C(/l[ G (S

1 P C kT e
g0 Cog Cad—Coy+Cyy 0

In the same limit the function F is linear in l/d,

’ l C»1( ==& C( q
FaF— o t4a=tCa
d C([([ CA:I - C;iq G C(lll é

Therefore, after Eq. (4.4), the boundary value of 4,
Ad) ~3(T.-T)F,

(4.16 b)

(4.16 ¢)

is of the order I/d. With increasing distance from
the walls, 4 (x) decreases exponentially to zero with
the characteristic length L. Consequently, in the bulk
of the gas, the temperature [after (4.5)] varies
linearly with z,

R R (BR P10}
for |[d—z|> L. (4.17)

But in a boundary layer of thickness L there are
small exponential contributions, e. g. near the plate
r=+d:
T.-T__,
T(x) = Tp(x) — (1+¢) TF

‘exp{ - (d—2)/L}.

According to Eq. (4.17), the constant g(0) charac-
terizes the difference between the temperature of the
wall Ti(d) =T, and the extrapolated value of the
bulk-temperature

T.,-T
T,d) - Tod)~ -5 g(0).

Thus it is reasonable to identify ¢(0) with the
measured temperature-jump coefficient C;:

g(0) =Cy;

e. g. for argon an experimental value of C; = 3.6 has
been used in Reference !°. Whereas ¢(0) is positive

(4.18 a)

(4.18b)

from thermodynamical reasons, this is not neces-
sarily the case for the constant g’ which charac-
terizes the jump of the temperature itself:

(R i

T(d) ~T(d) ~ 5 ;4

with
r Caat (1-8)Cag—Coq+90
qu CAA an C?Aq + qu 0 '

The quantity ¢’ can be negative, e. g. with the hard
sphere parameters for ¢ and ¢, and the allowed
values

CAA:Q, qu:5’ CAq: —i3 4

one finds a very small negative ¢’ and a small posi-
tive g (0) :

g =—0.02, g(0)=0.44.

By the way, in all recent attempts to establish a
microscopic theory of slip phenomena, the tempera-
ture jump coefficient ¢(0) was calculated, see e.g.
the work of Loyalka 6. It should be noted that the
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value of ¢(0) is in practice essentially determined
by C,, alone. The parameter ¢ is small. If one puts
£=0, which is true for Maxwell molecules, cf. Egs.
(2.8 a, b, ¢), and assumes

Coks & Caa Cog s

one has indeed

g(0) = 1/Cyy.

The theory presented here is reliable only for not
too large values of L/d, but for curiosity let us look
for the Knudsen limit. For large Knudsen numbers,
L/d > 1, one can replace cothd/L by L/d; then the
quantity g approaches a constant value and the func-
tion G is proportional to d/l:

g—>g(x)=1/Csy, G—(dI)C,,. (4.19)
Since sinh z/L can be replaced by z/L and cosh z/L
by 1, the scalars 4 and T, after Eqs. (4.4), (4.5),

are linear functions of z,
@& T, . ~T

4@~ (Cagm

2
€ qu) 77 )

T.+T. «T,-T._
T (z)— = + ] 2

A
- (1 +‘9) (CAq—e qu) ”;T )

whereas the vector A is constant:

A (2) > Ciy/Coy -
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The limiting value q. of the heat flux is propor-
tional to the gas pressure

15
0%8
and is identical with the correct value gk for q in
the Knudsen regime. Indeed, the coefficient Cy, and
the heat flux Qg can be expressed !7 by the gas-wall
collision operator Lyj(p,p’) which occurs in the
boundary condition for the distribution function 8.
In particular, with a simple model for Lj the coeffi-
cient C,, is given in terms of the accommodation
coefficient a by

q—>Qq.=—-e(T,-T) T G (4.20)

81/2 «a
15) 2 2—a’

so that the well-known expressmn

e(T.-T) > col/ ,_; (4.22)

is found. It should be noted that the correct Knud-

sen limit (4.22) for the heat flux is already ob-

tained with the old temperature-jump approximation

(where no higher moments are taken into account)

by using Egs. (4.15¢), (4.18b) and (4.21):
g=9(0) =C;=1/Cqy.

Finally, a remark on the variation of ¢ and G
with the Knudsen number L/d is made. With the
help of Eqs. (4.16b) and (4.19), we can rewrite
the expression (4.13) for g(L/d) in the following

way:

Coo= (4.21)

qooqu

= L (Céﬂ—sgqq)2
g(L/d) _g(oo)+ qu quC“iA—Ciq'}'quaCOthd/L
=g(0) — (Cag—2Cyq)?d(cothd/L—1)

Hence, g(L/d) is bound by g¢() and g(0),

(Cgq Ctd— Cly+Coq ) (Cyqg Cps— Coy+Coq 0 cothd/L)

g(=)<g(L/d) < g(0),

and due to the relation

Sld(Lid) = —8 |2

L sinhd/L (Cyy Caq—C%y+Cyyd cothd/L)

I
s

CAq—Equ ]2

g(L/d) is a monotonously decreasing function of L/d. Similarly, with

sinh 2d/L—2d/L >0

and

CAq—Equ ]2

L
. (79)/8“/”1 =g(ee)t ¢ Lmhd/L(cw CAA—CAQ+C,,,,6cothd/L)

 [sinh? d/L(Cpq C.a— Cig) +

+% CuyO(sinh2d/L —2d[/L)] = g(=) >0,
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007

01 10 Ld 10. 100.

Fig. 1. Dependence of the dimensionless heat flux G on the
Knudsen number L/d according to Egs. (4.6), (4.12), (4.13)
calculated with g(0) =3.6 and some values of Cgq, Caq-
The lower curve corresponds to the thirteen moments ap-
proximation, and is characterized by C45==¢ Cgq=—0.043,
Cyq=1/g(0) =0.278.

one can easily prove that G also is a monotonously
decreasing function of L/d, varying between the
values 1 and C,, d/L.

In Figs. 1 — 4 some quantitative results are shown,
with the underlying hard sphere values e = —0.156,
0 =0.602, I/L=0.566 and the fixed “temperature
jump coefficient” g(0) = 3.6.

In Fig. 1, the dependence of the reduced heat flux
G [see Eq. (4.6)] on the Knudsen number L/d is
plotted. The lower curve refers to the thirteen mo-
ments approximation; according to Eqs. (4.15 a, ¢)
it is characterized by C ,=¢C,,, C,,=1/g(0), i.e.
by the value of the parameter ¢(0). In the seventeen

02

L/d =075

01

0
0 05 x/d 10

Fig. 2. Profile of the dimensionless scalar aocA according
to Egs. (4.23) and (4.11) — (4.13), calculated for g(0) =3.6,
Cqq=0.4, C 4= —0.4 and some values of L/d.

L/d =001

0 05 x/d 10

Fig. 3. Profile of the dimensionless temperature 7T
— (T ++T_)/2 according to Egs. (4.24) and (4.12), (4.13),
calculated for g(0) =3.6, C4q=0.4, C49=—0.4 and some
values of L/d.

r10

L/d =0.25

05

’ g 0
0 05 x/d 10

Fig. 4. Profile of the dimensionless temperature 7T
—(T++T_)/2 for L/d=0.25, g(0)=3.6, Cqq=0.4 and
some values of C4q. The dotted line is the linear bulk
profile (z/d)G.

moments approximation, there are two additional
free parameters besides ¢(0), viz. Cy, and C 4, . The
two upper curves in Fig. 1 refer to C4,= —0.4,
C4,= — 0.8, respectively, and to the same value of
C,;=0.4 (the corresponding C44 values are C 44
=0.45 and C4=4.09). For very large Knudsen
numbers, these two curves coincide according to
Eq. (4.20). The difference in the C,, values only
plays a role for moderate L/d. Below L/d = 0.5, the
three curves are practically again coincident since
g(L/d) can here be replaced by ¢(0) = 3.6.

In Fig. 2, the scalar A4 (x) is plotted in form of
the dimensionless quantity

a(zfd) = —2A4(x)/ (T, -T.)

= — Fsinhz/L/sinh d/L (4.23)
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for the parameters C,,=0.4, C4,= — 0.4 and some
values of L/d. Up to about L/d =1, « is essentially
an exponential of (d—=2)/L, and the boundary
value «(1) increases with increasing L/d. For
L/d>1, however, a is linear in z/d, and «(1)
decreases with increasing L/d.

In Figs. 3, 4 the temperature profile is plotted in
terms of the dimensionless function 7:

i) =2(1@ - TEE) [, 1)

=grc+ (1+¢) a(z/d) .
The dependence of 7(z/d) on the Knudsen num-
ber is shown in Fig. 3 for the parameters C,, = 0.4,

C.4y= —0.4. For very small and very large L/d, 7
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